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f iasurements  have been made t o  determine the  t h i r d  order  elastic 

cons t an t s  of N a C l  and K C 1  s i n g l e  c r y s t a l s .  

v e l o c i t i e s  of u l t r a s o n i c  waves propagating along t h e  [ l i O ]  and [Ti21 

d i r e c t i o n s  under a u n i a x i a l  compression appl ied  i n  the  [lll] d i r e c t i o n  

and t h e  e las t ic  cons t an t s  w e r e  derived. S i x  v e l o c i t i e s  of these  u l t r a -  

s o n i c  waves were then  measured a t  room temperature as func t ions  of t he  

s t r a i n  us ing  the  pulsed u l t r a s o n i c  i n t e r f e r e n c e  technique. From t he  

p r e s e n t  measurements under the  ill1 7 compression and those  under t h e  

h y d r o s t a t i c  p re s su re  by Lazarus, e leven  equat ions  w e r e  obtained f o r  

both N a C l  and K C 1  crystals. From t h e s e  equat ions ,  t he  fol lowing f i v e  

cons t an t s  (Brugger 's  d e f i n i t i o n  for t h e  t h i r d  o rde r  e las t ic  cons tan ts )  

i n  u n i t s  of loLL dynes/cm were solved by t h e  method of least squares:  

The r e l a t i o n s  between t h e  . 

2 1 9  

111+2 112 111-' 12 3 - '456 - '144 166 - 
N a C l  -9.912.04 -9 .1e .08  .271+.014 -2575.016 -.611+.007 

K C 1  -7.442.01 -7.1e.02 .118+_.004 -1275.005 -.24%.002 

The Cauchy r e l a t i o n  C456=C144 is seen t o  be s a t i s f i e d  t o  wi th in  t h e  

+ This  work is based on a por t ion  of a t h e s i s  submitted i n  p a r t i a l  f u l f i l l -  
ment of t h e  requirements f o r  t he  Ph.D. degree.at  Rensselaer  Poly technic  
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8 .  . 
probable error i n  both NaCl and K C 1  crysta ls  a t  room temperature. By 

assuming the v a l i d i t y  of the other two Cauchy re lat ions ,  one can estimate 

and C I z 3  as follows: 111' c112 the ccmstants C 

111 c112 - '123 

YaCl -8.80 -.571 .248 

c, 

I 'C1 -7.01 - .224 .113 



I. INTRODUCTION 

The t h i r d  o r d e r  e las t ic  constants  a r e  q u a n t i t i e s  of i n t e r e s t  becausc 

they relate t o  t h e  anharmonic p r o p e r t i e s  of t h e  c r y s t a l  la t t ices .  Thei r  

v a l u e s  determine i n  the  long wavelength l i m i t  t h e  phonon-phonon coupling 

which l i m i t s  t h e  thermal re laxa t ion  t i m e .  They also c o n t r i b u t e  t o  t h e  

thermal  expansion and t o  t h e  l a t t i ce  s p e c i f i c  h e a t  a t  temperatures  h igher  

than t h e  Debye c h a r a c t e r i s t i c  temperature. They are manifest  i n  t h e  non- 

l i n e a r  p r o p e r t i e s  of sound waves i n  a s o l i d ,  e . g . ,  t h e  second harmonic 

generat ion , t h e  i n t e r s e c t i o n  of two sound beams t o  genera te  a t h i r d  

beam , and t h e  asymmetry i n  t h e  d i f f r a c t i o n  p a t t e r n  formed by passing; 

nornochromatic l i g h t  through a cubic crystal perpendicular  t o  t h e  d i r e c t i o n  

of a sound wave . 

1 

2 

3 

I n  determining t h e  t h i r d  order e l a s t i c  c o n s t a n t s ,  w e  have chosen t h e  

d i r e c t  method of observing t h e  change of sound v e l o c i t y  i n  a s o l i d  under 

compression. Accurate v e l o c i t y  measurement i s  necessary since t h e  v e l o c i t y  

change i s  u s u a l l y  s m a l l  i n  t h e  ava i lab le  p r e s s u r e  range. The i n t r o d u c t i o n  

of an i n t e r f e r e n c e  method enables t h e  d e t e c t i o n  of q u i t e  s m a l l  chanRes i n  

t h e  v e l o c i t y  and opens t h e  way f o r  t h e  measurement of t h e  t h i r d  o r d e r  

e l a s  t i  c cons t a n  t s . 
So f a r  t h e  v a r i a t i o n  of sound v e l o c i t y  w i t h  stress h a s  mostly been 

measured under h y d r o s t a t i c  pressure.  

of t h e  t h i r d  order  e las t ic  constants  of a material, other condi t ions  of 

stress, such as u n i a x i a l  compression, have t o  be  appl ied.  The d i f f i c u l t y  

l ies i n  t h a t  even a l o w  u n i a x i a l  stress can i n i t i a t e  s l i p  and p l a s t i c  8e-  

formation, and t h e  d i s l o c a t i o n s  generated by such flow w i l l  cause larrc. 

In  o r d e r  t o  o b t a i n  t h e  complete set 
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e f f e c t s  t h a t  mask the  t r u e  t h i r d  order cons t an t s  of t he  hulk material. 

Up t o  t h e  present ,  very  few measurements have been made t o  determine the  

whole s e t  of t he  t h i r d  o rde r  elastic cons tan ts .  The f i r s t  measurement 

was made by Hughes and Kel ly4 (1953) who determined t h e  t h r e e  independent 

t h i r d  o rde r  e l a s t i c  cons t an t s  of t h e  i s o t r o p i c  materials: polystyrene,  

Pyrex, and Armco i ron .  

t h e  s i x  independent t h i r d  o rde r  e l a s t i c  cons tan ts  of germanium, a f i r s t  

experiment of t h i s  kind on a cubic material. 

I n  1961, Batcman, Mason, and Mlc8kimin5 determined 

A l k a l i  h a l i d e s  are substances of i n t e r e s t  from the  t h e o r e t i c a l  po in t  

of view because a s i m p l e  model of t h e i r  s t r u c t u r e  has  been q u i t e  success- 

ful. 

t i c  cons t an t s  has y e t  been made. 

however, been measured by t aza rus6  (1949) and Rartels7 (1964). 

No complete determinat ion of t h e i r  s i x  independent t h i r d  order  elas- 

The v a r i a t i o n  of e las t ic  cons tan ts  has ,  

Although t h e r e  are many easy s l i p  systems i n  NaC1-type a l k a l i  h a l i d e s ,  

i t  t u r n s  out t h a t  the  reso lved  shear  stress i n  t h e  primary easy s l i p  

d i r e c t i o n s ,  - < l l O  b i n  t h e  s l i p  planes { l i 0 )  , a r e  zero  f o r  u n i a x i a l  stress 

appl ied  i n  a 111. d i r e c t i o n .  For t h i s  o r i e n t a t i o n  of stress t h e  e las t ic  

range i n  which one can make measurements without y i e ld in f i  i s  considerably 

extended. 

i i  

11. THEORY 

I n  the  p re sen t  paper Brugger's d e f i n i t i o n  of t he  t h i r d  o rde r  e las t ic  

8 
cons tan t s  is  used. With h i s  d e f i n i t i o n ,  t h e  s t r a i n  energy 4 i n  a cubic  

la t t ice  can be expressed i n  terms of t h e  s t r a i n  components as: 

+ Q22 n 3 3  + Q33 1111) 
2 2 2 

2 c11 (rill + r122 + n33) + c12 (011 n-2 L 

1 $ = -  
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2 2 2 2 
+ c166 (‘111 ‘122) (‘112 n21) + (‘122 + ‘133) (n23 ‘132) 

+ (‘133 + ‘111) (‘131 + ‘11311 
2 2 

( 1)  

i 
where ‘1 are t h e  components of the Lagrangian s t r a i n  which are de f ined  i n  

i j  
the  followiny: mat r ix  equat ion 10. . 

1 .a&’ 

[ n ]  7 [ J  J - E ]  (2) 

llere J is the  Jacobian r e l a t i n g  the f i n a l  p o s i t i o n  of a par t ic le  i n  the  

la t t ice  a f t e r  deformation and i t s  i n i t i a l  p o s i t i o n ,  and E i s  a u n i t  mat r ix  

of rank 3. 

For t h e  convenience of comparison with t h e  express ions  i n  o the r  l i t-  

e r a t u r e s ,  t he  r e l a t i o n s  between t h e  C 

l:irch9 (CBi ) are l i s t e d  below: 

def ined by Rrugger (CBr ) and by 
i j  k i j  k 

i j k  

B r  1 Bi(* B r  1 C B i  R r  1 C R i  
c 4 5 6  = c 4 5 6  9 c 1 4 4  = 2 144,  c 1 6 6  = 2 1 6 6  

(* 

c 4 5 6  = 5 C 4 5 6 ,  no t  - as obtained from eq.(13) i n  Brugger’s paper , if 

t h e  c 4 5 6  term i n  the  express ion  of t h e  s t r a i n  energy is 

9 
c 4 5 6  (‘112‘123‘131 + ‘121‘132‘113) as it is i n  Birch’s  paper 

The r e l a t i o n  between Birch’s  c 4 5 6  and Brugger’s c 4 5 6  should be  
B r  1 B i  1 8 

8 
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I 

For t h e  stress appl ied i n  the fill] crys ta l loRraphic  d i r e c t i o n ,  i t  is 

e a s i e r  t o  transform the  ca lcu la t ion  i n  a new coordinate  system with the  

l ' ,  2 '  and 3' -axes i n  the  11111, [ l i O ]  and [Ti21 d i r e c t i o n s  r e spec t ive ly .  

i t e r ea f t e r  a sinp,le prime w i l l  be  used t o  denote the  q u a n t i t i e s  r e f e r r e d  t o  

the  new coordinate  system. The transform matr ix  [R; re la t inp :  these  two 

coord ina te  systems by t h e  ma t r ix  equat ion 

The r e l a t i o n  between t h e  s t r a i n s  i n  the  two coordinate  system is 
n, 

[rll = [TI [ n ' l  t R 1  or [ n ' l  = [RI [ n l  [RI (4) 

As i n  B i rch ' s  ana lys i s9 ,  le t  u s  consider  a deformation i n  which the  

f i n a l  pos i t i on  (x', ', x ' )  of a p a r t i c l e  i n i t i a l l y  a t  ( a ' ,  a', a ' )  i s  
i x2 3 1 2 3  

given by 

[x'] = [A'] [ a ' ]  + [ U'(zt, t ) ]  (5) 

where [ x ' ] ,  [ a ' ] ,  and [U'(z', t ) ]  a r e  column vec to r s  s tanding  r e spec t ive ly  

f o r  t he  f i n a l ,  t he  i n i t i a l  pos i t ion ,  and an i n f i n i t e s i m a l  displacement which 

is a gene ra l  func t ion  of t h e  i n i t i a l  p o s i t i o n  z' and t h e  t i m e  t ,  and [ A ' ]  is 

a 3 x  3 mat r ix  desc r ib ing  a f i n i t e  homogeneous deformation due t o  an i n i t i a l  

stress. From (5), t h e  Jacobian 



Gia' ,a ' ,  a ' )  
1 2  3 

acx;,  x ' ,  x' 1 
2 3  

and hence t h e  Lagrangian s t r a i n  rl can be  ca l cu la t ed .  

If one takes  i n t o  account the f a c t  t h a t  t h e  t h r e e  cubic  axes are 

equ iva len t  wi th  r e spec t  t o  t h e  11111 d i r e c t i o n ,  then f o r  a u n i a x i a l  stress 

i n  t h e  I1111 d i r e c t i o n ,  t h e  s u f f i x e s  1, a and 3 i n  n are in te rchangeable ,  

i . e . ,  '111 = r122 = 1733 and 7)12= ~ 1 2 3  = 1-131, and from (4) one can show 
i j  

. 

= '111 + 2n12, $2 = 0' = T I  - n  a n d n '  =TI' = n' = 0. Hence the  

l ' ,  2 '  and 3' -axes form a s e t  of p r i n c i p a l  axes wi th  the  s t r a i n  beinq i so-  

33  1 1  12 12 23 3 1  

t r o p i c  i n  t h e  plane normal t o  1' -ax is ,  and thus  the ma t r ix  A' is diagonal  
(0) 

w i t h  A' = A '  . The Lagrangian s t r a i n  n' r e s u l t i n g  from t h i s  i n i t i a l  
i j  22 33 

Uniaxia l  stress are 

I n  the f i n i t e  deformation theory, the stress and t h e  s t r a i n  a r e  related 

bylo 
w n (n ' 1 1 

[ T ' ]  = - (7) 

where [ T ' ]  i s  t h e  stress tenso r ,  p o  and p, are t h e  i n i t i a l  and t h e  f i n a l  

dens i  t y  r e s p e c t i v e l y  . 
For an i n i t i a l  stress -t (t p o s i t i v e  f o r  compression) i n  t h e  [lll] 

d i r e c t i o n ,  t h e  stress t e n s o r  [TI] is 
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The va lues  a1 and a2 of the Lagrangian s t r a i n  n' (O) and q' (O) can b e  

found from t h e  two l i n e a r l y  independent equat ions  i n  (7) : 

0 

where 8 E a1 + 2a2 

The Poisson r a t i o  S. for  t h e  s t r a i n  perpendicular  t o  [ l l l ]  d i r e c t i o n  

wi th  t h e  stress i n  11111 d i r e c t i o n  is 

(8) by  neg lec t ing  t h e  second and h igher  o rde r  terms of ai. 

- 2 which can be obtained from 
"1 

The r e s u l t  is 
0 0 e 

c11 + 2c12 - 2c44 

2('il 4- 2c12 4- C&+) 
e & C 

a =  

( 9 )  

In the  l a s t  express ion ,  a s u p e r s c r i p t  9 is  added t o  emphasize t h a t  

i so the rma l  e las t ic  cons t an t s  should be used for t h e  i n i t i a l  s t r a i n ,  s i n c e  

t h e  process  f o r  t h e  i n i t i a l  compression is an i so thermal  one. 

For t h e  i n f i n i t e s i m a l  p a r t  of t h e  deformation [ U ' ]  i n  ( 5 ) ,  cons ider  a 
-+ 

t r a v e l l i n g  p lane  wave w i t h  a wave v e c t o r  k. 
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For a plane wave propagating alone; a genera l  d i r e c t i o n ,  t he  d isp lace-  

ment v e c t o r  U' may be n e i t h e r  p a r a l l e l  nor  normal t o  t h e  wave vec tor .  From 

t h e  mat r ix  [ A ' ]  and t h i s  displacement vec to r  U', one can c a l c u l a t e  t he  

Jacobian,  t h e  Lagrangian s t r a i n  0' 

(eq. 7) .  

(eq. 21.. and the  stress tensor  [ T ' ]  
i j 

S u b s t i t u t i n g  t h i s  [T ' ]  i n t o  the  equat ions of motion i n  an e l a s t i c  

medium: 

aT' .. 
= p u '  ax: x i  

ij 

J J 

and neg lec t ing  t h e  second and the  h igher  order  of U', one obta ins  a set of 

t h r e e  equat ions f o r  U!, U;, and U '  which can be w r i t t e n  i n  t h e  following 

ma t r ix  form 
1 3 

where V is t h e  phase v e l o c i t y  of a sound wave, and 
2 

2 1 A l  v =-  
Ik' I 

[a] is a 3 x 3 matrix whose elements conta in  the  second and t h i r d  order  

e l a s t i c  cons tan ts  and the  s t r a i n s  a1 and a2. 

For s m a l l  s t r a i n s  one can consider t he  terms i n  [HI conta in ing  a ( i=1,2)  i 

t o  be the  pe r tu rb ing  terms. The problem is then t o  d iagonal ize  [HI t o  the  

zero th  order  of a The ca l cu la t ion  is  i n  genera l  q u i t e  t e d i o u s  but  much 

s impl i f i ed  if pure modes exist. 

i' 



For wave propagating along k i O ]  d i r e c t i o n  ( i . e .  2'-axi.;) under a 

u n i a x i a l  compression appl ied  i n  [lll d i r e c t i o n  (1'-axis) , t h e  compress- 

i o n a l  wave is s t i l l  a pure mode, s i n c e  such a wave w a s  o r i g i n a l l y  a pure 

mode, and under t h i s  compression the  stress does not  a l t e r  t he  displace-  

ment of t he  p a r t i c l e  motion. 

mot i o n  

Hence one may consider  t he  following wave 

S y b s t i t u t i n g  t h i s  i n t o  ( l l ) ,  one immediately obta ins  one of t he  eigenvalues  

of p V (second equat ion i n  (12)). 
2 

0 

The remaining opera tor  which is  now a 2 x 2 matr ix  can e a s i l y  be 

diagonal ized t o  t h s  zeroth order  of u by apnlyinp: a un i t a ry  t ransformation i 

wi th  t h e  un i t a ry  transform matrix constructed from the  normalized eigen- 

v e c t o r s  of the  unperturbed operator.  For s m a l l  s t r a i n s  such t h a t  t he  second 

o rde r  terms of a can be neElected i n  the  expression d o V , t he  eigenvalues  

a r e  r e a d i l y  found from the  diagonal terms. 

for- 2 

i 0 

For waves propagat ing along [IT21 d i r e c t i o n  the  shear  wave polar ized  i n  

[liO] d i r e c t i o n  i s  s t i l l  a pure mode under a compression i n  fill] d i r e c t i o n .  

The c a l c u l a t i o n  resembles t h a t  f o r  waves propagat ing along [ l i O ]  d i r e c t i o n  

b u t  is much more complicated. 

(eqs.  1 4  - 19).  For  convenience the  expression of poV under h y d r o s t a t i c  

p re s su re  and under [110] compression are also l i s t e d  (eqs.  20 t o  26). 

2 

2 
The express ions  for poV are l i s t e d  below 
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(A) Under uniaxial  compression i n  [lll] direct ion 

For compressional wave i n  [ l i O ]  

For shear wave i n  [ l i O ]  polarized i n  [110] 

For shear wave i n  [ IT21 polarized i n  [lk] 

2 4 
+ 7 c144 - 3 c166 (J) a1 

Per quasi-compressional wave i n  [ i i 2  1 

(17)  



2 4  2 +[- s11 + s11 5 1 2 ( 1  -a) - 4 512 (1 + 4 q  

Throughout a1 is  the  s t r a i n  i n  t h e  d i r e c t i o n  of t h e  stress, [lll] 

u i s  t h e  Poisson ra t io  - a2/a1 where a2 is t h e  

s t r a i n  i n  any d i r e c t i o n  perpendicular  t o  t h e  [lll] 

d i r e c t i o n .  

I n  a d d i t i o n  

(C11 - c12 - 2C44) 
1 1  

S l 1  = 

i 
12 
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For compressional wave i n  [110] 

For s h e a r  wave i n  [loo] polar ized  i n  d i r e c t i o n  [ loo ]  

(22) 

* 
Rhagavantam and Chelarn" obtained express ions  f o r  t h e  e f f e c t i v e  e l a s t i c  

cons t an t s  which were d i f f e r e n t  from those obtained by Birch.9 
i n  R ti C ' s  d e r i v a t i o n  are s u b j e c t  to ques t ion .  
made on t h e d 2 ,  R & C ' s  expressions agree  wi th  Bi rch ' s .  

Two p o i n t s  
A f t e r  co r rec t ions  were 
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13 ,5  (C) Under un iax ia l  compression in [ l l O ]  d i r e c t j m  . 
For compressional wave i n  [OOl] 

For shea r  wave i n  [ l i O ]  po la r ized  i n  [110] 

0 U 

--T-+= c112 + - Ool 2 c12J a1 
1 - 110 + 20 - 

where a1 is t h e  s t r a i n  i n  the d i r e c t i o n  of the  stress, [11O] 

u001 and a110 a r e  the  Poisson r a t i o s  f o r  s t r a i n s  i n  [ O O l ]  

and [ l iO]  d i r e c t i o n s  respec t ive ly  under a stress i n  [110] 

d i r e c t i o n .  E x p l i c i t  expressions f o r  t hese  q u a n t i t i e s  follow: 
8 8  

4c12 G44 

Py pieasuriilg the velocities =f s c u d  wave under stress, m.e can 

e v a l u a t e  t h e  c o e f f i c i e n t s  of a or a1 i n  equat ions 14 t o  26 and so lve  for 

t h e  t h i r d  o rde r  elastic constants .  



111. MATERIALS AND APPARATUS 

N a C l  and K C 1  s i n g l e  c r y s t a l s  i n  t h e  form of 1" cubes and with faces  

o r i en ted  approximately i n  the  111 , 1x0 , and Ti2 c rys t a l log raph ic  

d i r e c t i o n s  w e r e  suppl ied  by t h e  Harshaw Chemical Co. 

t h e  c r y s t a l s  w a s  checkedLby t h e  Laue back r e f l e c t i o n  technique and the  f aces  

of t h e  c r y s t a l s  w e r e  then ground t o  * i t h i n  5 1/2"  of the  exac t  o r i en ta t ion .  

A f t e r  one f ace  w a s  o r i en ted ,  t h e  opposi te  f a c e  w a s  then ground paral le l  t o  

the  f i r s t  one t o  wi th in  .00003 inches. The dimensions of the  specimen w e r e  

measured with a supermicrometer (Pratt and Whitney) with a p rec i s ion  of 

10 microinches. 

The o r i e n t a t i o n  of 

10 Mc compressional and shear waves were generated r e spec t ive ly  by 

3/8" X-cut and Y-cut q u a r t z  t ransducers  with an a c t i v e  c i r c u l a r  area of 

1/4" i n  diameter. The t ransducers  were bonded t o  t h e  specimen by phenyl 

s a l i c y l a t e  ("salol")  . 
14 

Veloc i ty  measurements were made wi th  a pulsed u l t r a s o n i c  in t e r f e romete r  

15 constructed by A. D. Colvin . A b r i e f  desc r ip t ion  of t h i s  apparatus  is 

given below: 

Two pulses  wi th  a f l a t  top of dura t ion  of 11.1s are gated out  from a 

10 M c  continuous s inuso ida lwave .  The t i m e  s epa ra t ion  between the  two 

pu l ses  is v a r i a b l e  from 3 t o  10 IIS on one range and 4 t o  40 on another  range. 

The pu l se  he ight  of t he  second p u l s e  can be  ad jus ted  from 0.5 t o  1.0 as 

l a r g e  as the  f i r s t  one. 

s a m e  t ransducer  and displayed on an osc i l loscope .  

The echoes of t he  pu l ses  are picked up wi th  the  

For t h e  appropr ia te  t i m e  



s e p a r a t i o n  and r a t i o  of p u l s e  he ight ,  c a n c e l l a t i o n  between the  second echo 

of t h e  f i r s t  p u l s e  and the  f irst  echo of t he  second pu l se  occurs  a t  d i s c r e t e  

f requencies .  From the  va lues  of t h e s e  f requencies  nea res t  t o  t h e  resonant  

frequency of the  qua r t z  t ransducer  one can obta in  the  acous t i c  v e l o c i t i e s  15 . 
According t o  the  procedure of W i l l i a m s  and Lamb 14* l5 one inc ludes  by an 

iterative procedure a c o r r e c t i o n  f o r  t he  phase change a r i s i n g  a t  t h e  quartz-  

specimen i n t e r f a c e .  Addi t iona l  co r rec t ions  f o r  changes i n  t r a n s i t  pa th  

because of stress and temperature a r e  a l s o  included. 

The v e l o c i t i e s  measured i n  the room temperature range w e r e  normalized 

t o  25OC by t h e  fo l lowing  equation: 

V = VT - a (T - 2 5 )  (28) ve 1 

where u w a s  the  s l o p e  of the  ve loc i ty  vs temperature graph determined i n  

the  pre l iminary  measurements f o r  var ious  modes i n  the room temperature range 

under atmospheric pressure .  

ve 1 

A u n i a x i a l  compression w a s  appl ied t o  t h e  sample through a c y l i n d r i c a l  

movable p i s t o n  i n  a cy l inde r  made of hard steel. 

and t h e  bottom of cy l inde r  between which the  samples were compressed were 

c a r e f u l l y  sur faced  and kept  p a r a l l e l .  The stress w a s  appl ied  t o  t h e  p i s t o n  

through a hand-operated mechanical press .  

rounded by foam i n s u l a t o r s  t o  reduce t h e  temperature f l u c t u a t i o n  and a 

Cu-constantan thermocouple toge ther  wi th  a Reeds and Northrup K-3 potent io-  

meter w e r e  used t o  measure the  temperature t o  . 0 l o C .  

The s u r f a c e s  of t he  p i s t o n  

The cage of t h e  p r e s s  w a s  sur-  

The s t r a i n  i n  the  d i r e c t i o n  of t h e  appl ied  stress w a s  measured wi th  SR-4 

Two p a i r s  of s t r a i n  s t r a i n  gauges of type A-7 (Baldwin-Lima-Hamilton Corp.). 

16 
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i \  p,aiiRes were bonded on t h e  opposite I110 > faces  of the  specirncns. The t w o  

gauges on t h e  same s i d e  w e r e  connected i n  series t o  give an averaEe s t r a i n  

of t h a t  s i d e .  The reading of the s t r a i n  on both s i d e s  were averaged t o  give 

the  average s t r a i n  of t h e  specimen. I n  a t y p i c a l  run t h e  d i f f e r e n c e  betwcen 

tiic s t r a i n s  on b o t h  s i d e s  w a s  less than 10% f o r  a maximum s t r a i n  of 70 x 10 . 
Each p a i r  of t he  s t r a i n  gauges on t h e  oppos i te  faces  of t he  sample form an 

arm of t h e  two AC br idges  i n  t h e  two-channel recorder .  

-6 

A dummy sample wi th  t h e  same type  of s t r a i n  gauges and t h e  same con- 

nec t ions  w a s  used as a con t ro l .  Each p a i r  of s t r a i n  gauges on t h i s  dumy 

forms the  o t h e r  arm fn an AC br idge  and balances t h e  corresponding pair of 

gauges on the  t es t  specimen. The dummy sample w a s  kept  a t  t h e  same tem-  

p e r a t u r e  as t h e  specimen t o  e l imina te  the  e f f e c t  of temperature change on 

t h e  reading of the  s t r a i n .  
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IV. MEASUREMENTS 

The temperature dependence of the v e l o c i t i r s  for various modes i n  

NaC.1 and KCl obtained i n  preliminary measurements together with the 

values of ve loc i ty  a t  T=25OC are l i s t e d  i n  Table I .  

l o r  the thermal expansion, the f o l l ~ i n g  c o n f f i d e n t s  of l inear thermal 

expansion obtained from Henglein's measurements 

In the correction 

16 w e r e  used: 

NaCl KG1 

110 10-6 -1 dee C - - 
x deg-' C 3 

11 5 
3 
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8 
f 

TABLC I 

Temperature Dependence of Veloci ty  of Sound Waves i n  

N a C 1  and K C 1  Together with t h e  Values of Veloci ty .  

( A l l  values are a t  25OC). 

3 
N a C l  = 2.162 p/cm 

D i r e c t i o n  
Of 

Propagat ion 

11 1 

i i o  

i i o  

i i o  
-- 
112 

11 2 

112 

-- 
-- 

iic 1 

111 

1 3  1 

111 

i i o  

i i o  

i i o  
-- 
112 

112 

112 

-- 
-- 

Direc t ion  Slope of 
Of vg+. vs. temp. Veloci ty  

P o l a r i z a t i o n  (10 cm/ps/deg - - -  C) ( c m / w )  

111 -586 .44163 

- 

i i o  -827 -45058 

110 -1477 .29043 

00 1 -17 7 .2429a 
-- 
1 1 2  -903 .45171 

111 -9 88 - 27355 

i i o  -659 ,25970 

3 
= 1.986 g/cm 

p*  

111 -51  7 .36679 

i i o  -1116 .25977 

-- 
1 1 2  -1132 .25941 

i i o  -83h .39014 

110 -1453 .29106 

00 1 - 100 .17828 

112 -1045 .39809 

-805 .24656 111 

i i o  -701 .22408 

-- 
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The a d i a b a t i c  second o rde r  e l a s t i c  cons tan ts  a t  25OC are determined 
2 

from t h e  poV 

va lues  are s h a m  i n  Table 11. 

of t h e  pure modes using the  method of least  squares. Thei r  

TABLE I1 

Adiabat ic  Second Order E l a s t i c  Constants 
of N a C l  and K C 1  Crypa l s  a t  23°C 

( i n  u n i t s  of 10- dynes/cm ) 

c11 c12 c4 4 

N a C l  .4934 .1293 .1278 

KC 1 .4076 .0705 .0632 

Except C12 of NaC1,  t hese  va lues  agree wi th  Lazarus '  va lues  t o  wi th in  ha l f  

a percent .  For C12 the  d i f fe rence  i s  about 6%. 

The v e l o c i t i e s  of u l t r a s o n i c  w a v e s  propagat ing along the [ l i O ]  and 

[Ti21 d i r e c t i o n s  under a u n i a x i a l  compression in [lll] w e r e  measured as 

func t ions  of s t r a i n .  Af t e r  co r rec t ions  had h e m  made f o r  the deformation 

and t h e  thermal expansion, and t h e  v e l o c i t i e s  w e r e  normalized t o  25OC 

us ing  eq. 28,  t h e  va lues  of 0-V were p l o t t e d  aga ins t  t h e  ? t r a i n  (-al) i n  

t h e  d i r e c t i o n  of t he  stress. Several  t y p i c a l  Rraphs of such p l o t s  are 

shown i n  Figs.  1 t o  3 f o r  N a C l  and KC1. I n  these  measurements, d a t a  w e r e  

taken dur ing  t h e  process  of increas ing  and decreas ing  stress, as ind ica t ed  

2 

" 

L 
r e s p e c t i v e l y  by circles and crosses  in t h e  graphs. The curves of Q V vs 

s t r a i n  are q u i t e  l i n e a r .  One of t h e  runs shows t h e  e f f e c t  of p l a s t i c  

deformation (Fig.  3). 

0 
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The K C 1  sample was compressed t o  a s t r a i n  of 75x10 -6 durinE the  v e l o c i t y  

measurement, the l r m d  was next reduced t o  t h o  wciaht of t h e  p i s ton  and 

then increased  again.  Af t e r  a s t r a i n  of about WxlO -6 d r a s t i c  defom- 

ntjon occurred, anJ the  ca lcu la ted  v e l o c i t y  drops as no account w a s  

taken t:f the  rhrrnv,- of t h e  pa th  lenEth wi th  p l a s t i c  deformatfon. A f t e r  

t h e  specimen was unloaded. the  r e s idua l  p l a s t i c  s t r a i n  w a s  45x10 . 
The s t r a i n  w . i s  then r eca l cu la t ed  excluding t h e  permanent s e t ,  and the  

2 
t h i ckness  remeasured a f t e r  the  t ransducers  w e r e  removed. The poV as 

func t ion  of t h e  r eca l cu la t ed  s t r a i n  i s  shown on t h e  same graph (curve C). 

l h e  weighted 3verap;e of the  s lope  be fo re  t h e  p l a s t i c  deformation is . 3354  

with a s tandard  dev ia t ion  (7 of .0105. The s lnpp  a f t e r  the  p l a s t i c  deform- 

a t i o n  is .3025. Since t h i s  value is heycnd thn lower 30 l i m i t ,  . 3 0 6 9 ,  the  

d i f f e r e n c e  i n  the  s lope  before  ant1 a f t e r  t h e  p l a s t i c  deformation appears 

to h e  s i g n i f i r a n t .  

c r a t e d  i n  p l a s t i c  deformation. The e f f e c t  of d i s l o c a t i o n s  on the  t h i r d  

o rde r  e l a s t i c  cons t an t s  has a l s o  been observed by HiGata et a l l 7  i n  the  

harmonic genera t ion  of iiltrasoiiic iii dixiihi~~. 

-6 

The e f f e c t  i s  probablv caused by the  d i s l o c a t i o n s  een- 

2 
It is  tempting t o  conclude t h a t  t h e  lower of p V curve by p l a s t i c  

0 

deformation is a l s o  a d i s l o c a t i o n  e f f e c t  b u t  some sys temat ic  e r r o r  could 

a l s o  have been introduced i n  t h e  length  measurement a f t e r  removing t h e  

t ransducer  and bonding material. 
2 

A summary of the  s l o p e s  of poV vs  ( - a l )  graphs f o r  va r ious  modes of 

propagat ion i n  N a C l  and K C 1  under u n i a x i a l  compression i n  [ill] d i r e c t i o n  

is s h m  i n  Table 111. For t h e  uniaxial compression i n  [110], t he  r e s u l t s  
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for NaCl are shown i n  Table IV; no measurements w e r e  made on YC1 under such 

a compression. 

Lazarus has measured the velocities of sound waves i n  NaCl and KC1 
6 2 

under hydrostat ic  pressure. From h i s  data , the quantity p0V can be 
2 

calculated and plot ted  against the s t r a i n  (- a). 

(-a) thus obtained are l i s t e d  i n  Table V .  

The s lopes  of poV vs 



TABLE I11 
2 

Slope of poV vs ( -a l l  graph under un iax ia l  compression 11 [lll] 

Mode 

Direc t ion  D i r e c t i o n  
of of 

Propagation Polar iza t ior  

v22 

V 2 t l  

V2t2 

'32 

v33 

'3 1 

i i o  i i o  

i i o  110 

i i o  001 

112 i i o  -- 

2 
Slope of p0V v s  (-al) 

dvnes/cm 2 ) 

N a C l  

Measured Weighted 
Values AveraEe 

* 
.4965 

.6839 

.6505 

.3741 

.3698 

.1792 

.1641 

.1538 

.3137* 

.3420 

.9482 

.8537 

.4965 - +. 0091 

.6558 
- +. 0087 

.3724 
- +. 0029 

.1736 
- +.0049 

.3234 
- +.0067 

.8706 
- +.0303 

KC 1 

Measured Weighted 
Values Average 

.4926 ,4485 

.393a, - +.0231 

.4a74 

.3143 .3247 
(R11) - +. 0076 
.3645 
(R12 Up) 
.3281 
(R12 Down) 
.3442 
( R 1 3  Up) 
.3025 
(R13 D m )  

-1830 .1830 

.1231 .1231 
- +.0023 

-4367 .4367 
- +.0048 

.3354 .3354 
- +. 0032 

* 
Veloci ty  measurements were made with cance l la t ion  between t h e  t h i r d  
echo of t h e  f i r s t  pu lse  against  t h e  f i r s t  echo of t h e  second pulse  
i n  order  t o  obta in  sharper  cancel la t ion.  
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Direc t ion  Direct ion  
of of 

Propagation Po la r i za t ion  

TABLE IV 

Measured Weighted 
Values Averape 

Slope of p V vs (-al)  graph for NaCl under un iax ia l  compression li' [110] 
0 

2 1. ret t i m  si recti on 
of of 

Propagation Po la r i za t ion  

v1 100 100 

v2 110 110 

Mode 

NaCl KC 1 

+7.2838 + .0730 

+3.7832 2 . o a n  
+5.1973 5 .OS14 

+2.5786 5 .0417 

2 
Slope of poV vs  (-al l  graph 

(10l2 dynes/cm2) 

v5 110 00 1 
* - .1956 - .4325 -0025 

00 1 00 1 33 

i i o  110 V ' 2 t l  

-1.627 
-1.467 

+l. 338 
1.068 
1.371 
1.199 

-1.564 
- + .OS3 

+1.218 
- + .052 

TABLE V 

Slope of p V vs (-a) graph under hydros t a t i c  pressure 
2 

(Calculated from Lazarus' data)  
0 

Mode 

2 
Slope of poV vs (-a) graph 

(10l2 dynes/cm2) 
I 
I 

v3 100 A 100 

v4  110 110 

- ,1597 2 .0011 

+2.8361 2 .0093 

- -4195 2 -0020 

+2.4683 5 .0134 

* 
From the f i r s t  two measurements. 
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V. RESULTS AND DISCUSSION 

A. The Linear  Combinations of The Third Order E l a s t i c  Constants. 

From t he  a d i a b a t i c  (Table I) and i so thermal  (Appendix) second 

o r d e r  elastic constants, t h e  values  of sll, s12, 6, ~ 1 1 0 ,  u0o l  can be 

ca l cu la t ed .  They are l i s t e d  i n  Table V I  t o  be s u b s t i t u t e d  i n  eqs. 14 

t o  26. 

t h e  s l o p e s  of poV vs (-al) graphs, one ob ta ins  sets of l i n e a r  simul- 

taneous equat ions  for t h e  determination;of t h e  th i rd-order  elastic 

cons tan ts .  These c o e f f i c i e n t s  f o r  t h e s e  equat ions  are shown i n  Table VI1 

By equat ing  the  c o e f f i c i e n t s  of (-all in t h e s e  equat ions  t o  
2 

f o r  N a C l  and Table VI11 f o r  KC1. 
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TABLE V I  

2 2 
Values of ~ 1 1 ,  2s11 s12 ,  s 1 2  and the Poisson r a t i o s  u,  u0o1, 

and 0110 

Expressions 

2 
s11 

2Sl lS12 
2 

s12 

(19a) t o  (19d) 

Calcu la ted  Value 
N a C l  KC 1 

.00843 .06895 

-. 18287 -. 50674 

.99157 .93105 

3 ire c ti  on D i re c t i on 
of of 

8 9 

9 

S t r e s s  S t r a i n  e 
c11 + 2c12 - 2c44 

111 A 111 .271 .337 
2(C& + 2c:2 + C44)  

€ 9  
110 001 4C12 C44 .357 . 554  



1 -  
I l 8  
'I: 
1 

27 I 

TABLE V I 1  

Linear Combinations of C f o r  N a C l  
i j k  

Under [ 1111 compression: 

C l l l  + 2C112 C l l l  - C123 c456 c144 c166 = Slope-2nd Order Terms _--- - _c - z c -  

v22: -. 1526 +.0763 0 -.1526 +1.3895 +.0204 5 .0110 (29) 

0 -.0763 0 0 0 +.7670 5 .0091 (30) V2t l :  

V2t2: 0 0 +.8474 -.1526 -.3053 +.3421+ -0033 (31) 

0 -.0254 +.5649 -.6667 +.3614 +.0154 5 -0056 (32) 

-. 1513 +.0687 -.0707 -.1701 +1.4350 -.1458 2 -0112 (33) 

-.0013 -.0432 +.3531 +.5318 -.7122 +1.1027 5 .0321 (34) 

'32' 

v33: 

'31: 

Under [ 1101 compression: 

: +.1551 -.6427 0 0 0 0 -1.869 5 .053 (35) 

-.1607 +.2382 -.0775 0 0 0 +1.452 2 .052 (36) 

v;3 

v;tl: 

Under hydros t a t i c  pressure  (ca lcu la ted  from Lazarus' data) 

C l l l  + 2C112 C l 1 1  - C123 C144 c166 = Slope-2nd Order Terms - -  
V 1: -1 0 0 r: +3.3665 2 .0330 (33) 

V2 : -1 - 1 -1 -2 +6.2460 2 .0813 (38) 

V3 : 0 0 -1 -2 +1.0608 5 .0011 (39) 

V4: 0 0 0 +4.2738 5 .0093 (40) 

V5: 0 0 -1 -2 +1.025 (41) 

2 

1 
2 
c 

The above equat ions are t o  be read ho r i zon ta l ly ,  e.g., 

for V2t2,  .8474c456 -.1526C1~4 -.30536166 = .3421 
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TABLE V I 1 1  

Linear Combinations of C f o r  K C 1  
ij k 

Under [ 1111 compression 

-. 1084 +. 0542 0 -.lo84 +1.5664 +.0405 5 .0231 (29') 

0 -. 0542 0 0 0 +.3978 f. .0076 (30') 

V2t2: 0 0 +.8916 -.lo84 -.2168 +. 1540 (31') 

v22: 

V2tl :  

'32: 0 

v33: 

-.0181 +.5944 -.6667 +.4499 -.0096 5 .0023 (32') 

+.0350 -.1925 -.1430 +1.5707 +.0688 + -0048 (33') - - .loo9 

-.0075 -.0170 +.4897 +.5929 -.6710 +.4722 5 .0032 (34') '31: 

Under hydros t a t i c  pressure  (calculated from Lazarus' data)  

c l l l  + 2c112 c l l l  - c123 c144 c166 = Slme-2nd Order Terms 

V1: -1 0 0 0 +7.3477 5 ,0514 (37') 

V2 : -1 -1 -2 +4.3079 5 .0417 (38') 

- -  

1 
2 
- 

V3: 0 0 -1 -2 f - 3 5 3 5 5  .0020 (39') 

1 
c 

V4: 0 2 0 0 +3.6625 5 -0134 (40') 

-l -2 =+ .3455 5 .no25 (41') 0 G -I .. 
" 5 :  

Before so lv ing  these  equations,  w e  s h a l l  check t h e i r  i n t e r n a l  consistency. 
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B. I n t e r n a l  Check Among t he  Measurements under [ l l l ]  Compression: 

From t h e  c o e f f i c i e n t s  of (-all i n  t h e  equations (14) t o  (19), one 

can show t h a t  (33) and (34) can b e  expressed i n  terms of (29) t o  (32) as: 

Hence the re  are two i n t e r n a l  checks. Same r e l a t i o n s h i p s  a l s o  hold 

f o r  equations (29') t o  (34') f o r  KC1. 

For t h e  measurements on N a C 1 ,  t h e  r i g h t  s i d e  of (42) is  .0341+ .0103 

whi le  t h e  l e f t  s i d e  is -.1458 5 .0067; t h e  r i g h t  s i d e  of (43) is  

1.076 5 .0166 whi le  t h e  l e f t  side is  1.103 5 .0303. 

on KC1, t he  r i g h t  s i d e  of (42) is .0908 - + .0309 while  t h e  l e f t  s i d e  is 

.0688 2 .0048; t h e  r i g h t  s i d e  of (43) is .5111+ .0100 while the l e f t  s i d e  is 

.4722 5 .0032. 

For the measurements 

It can be seen from these  i n t e r n a l  checks t h a t  t h e  measurements on K C 1  

under [lll] compression are reasonably cons i s t en t .  The d i f f e rence  is wi th in  

the  l i m i t  of t h r e e  times the  standard devia t ion .  For N a C l  one of t he  i n t e r n a l  

checks (42) is poorly s a t i s f i e d  and it is thought t h a t  t h e  blame lies with t h e  

V22 measurement. I n  t h i s  measurement t h e  output impedence of the ga t e  c i r c u i t  

and t h e  cable  w e r e  improperly matched and hence t h e  inpu t  s i g n a l  t o  t h e  t rans-  

ducer  w a s  very s m a l l .  This mismatching w a s  remedied f o r  t h e  o t h e r  subsequent 
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measurements and a considerably l a r g e r  S/N r a t i o  w a s  obtained which enabled 

more accura t e  measurements. The equat ion  (43) aga in  is s a t l s f i e d  q u i t e  w e l l .  

C. I n t e r n a l  Check Among the  Measurements Under Hydros ta t ic  Pressure  

Among t h e  five equat ions  (37) t o  (411, only th ree  are l i n e a r l y  inde- 

pendent. Hence t h e r e  are two i n t e r n a l  checks. It can be  shown t h a t  

(44) 
(39) o r  
(41) 

(38) = (37) - (40) + 

Same r e l a t i o n s h i p  also holds  fo r  eqs.  (37')  t o  (41')  for KC1. 

From Lazarus '  d a t a  f o r  N a C l  (Table V I I ) ,  t h e  r i g h t  s i d e  of (44) using 

(39) is 6.754 2 .083, o r  us ing  (41) is 6.719, whi le  the  l e f t  s i d e  is 

6.246 5 .081; f o r  K C 1  (Table V I I I ) ,  t h e  r i g h t  s i d e  using (39) i s  

4.039 2 .066, or us ing  (41) is  4.026 5 .067, whi le  t h e  l e f t  s i d e  is 

4 . 3 0 8 5  .042. The d iscrepancies  are a l l  wi th in  t h e  l i m i t  of t h r e e  t i m e s  

t h e  s tandard  devia t ion .  

D. Determination of t h e  F ive  Third Order Elastic Constants 

From the  measurements under [ill] compression and thnse  under h y d r o s t a t i c  

p r e s s u r e  by Lazarus,  f i v e  t h i r d  o r d e r  e l a s t i c  cons tan ts  can be determined. A 

pre l iminary  ques t ion  is  how to weight t hese  two sets of equat ions.  

For  N a C l  t h e  averaged probable e r r o r  i n  t h e  d a t a  for t h e  [lll] compression 

(Table  111) is about 1 /4  of t h a t  i n  t h e  d a t a  f o r  t he  h y d r o s t a t i c  compression 

(Table  I V ) .  Hence i n  s o l v i n g  f o r  t h e  e las t ic  con- 

s t a n t s ,  w e  s h a l l  weight t h e  se t  of equat ions  f o r  N a C l  under [lll] compression 

by 4 aga ins t  t h e  set under t h e  h y d r o s t a t i c  pressure .  

ponding set  w i l l  be  weighted by 3. 

For K C 1  i t  is about 1/3. 

For KC1,  t h e  corres-  

The va lues  of t he  f i v e  t h i r d  o r d e r  e las t ic  cons t an t s  determine from t h e s e  

weighted equat ions  us ing  t h e  method of least squares  are shown i n  Table I X .  
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TABLE IX 

Values of t he  Five Third O r d e r  Elast ic  Constants f o r  N n C l  and R C 1  
12 2 

a t  25°C (10 dynes/cm) 

-9.10 .271 .257 -a611 
+.014 t .016 5.007 + .08 

N a C l  -9.91 
+ -04 - - - 

KC 1 -7.44 -7.15 .118 -127 - - 2 4 5  
t.004 +.005 2.002 - + .02 - + . O 1  - 

For the  purpose of comparison, c a l c u l a t i o n s  i n  which t h e  set of 

equa t ions  under [111] compression was weighted by 1 and 10 w e r e  a l s o  

made. The l a r g e s t  s h i f t s  were about 8% i n  C l i l  - C123 f o r  NaCl and 

182 i n  c144 f o r  KC1. For t he  o ther  cons tan ts ,  the  s h i f t s  were less 

than  6%. 

From t h e  va lues  of c456 and c144, it can be seen t h a t  one of the  

Cauchy r e l a t i o n  f o r  t h i r d  o rde r  cons tan ts ,  c456 = c144, is s a t i s f i e d  

t o  w i t h i n  t h e  probable  e r r o r  for both N a C l  and K C 1  c r y s t a l s  a t  room 

temperature.  
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E. Evaluat ion of t h e  S i x  Third Order E l a s t i c  Constants  

Since from the  measurements under the  [lll] and h y d r o s t a t i c  com- 

p r e s s i o n s  only f i v e  t h i r d  order  e l a s t i c  cons tan ts  can be determined, 

an e f f o r t  w a s  made t o  obta in  other  independent equat ions  by making 

measurements under a u n i x i a l  compression appl ied  i n  the  [110] d i r e c t i o n .  

Unfortunately,  when such a compression is appl ied ,  the resolved 

s h e a r  stress i n  t h e  easy  s l i p  d i r e c t i o n  of d i s l o c a t i o n s  i n  the  s l i p  

p l anes  does n o t  vanish,  and p l a s t i c  deformation sets i n  e a s i l y  and 

a f f e c t s  t he  measurements. Moreover, as i t  can be seen from t h e  equat ions 

(35) and (36) f o r  t h e  [110] compression t h a t  t h e  numbers on the  r i g h t  s i d e  

are much l a r g e r  than t h e  c o e f f i c i e n t s  on t h e  l e f t  s ide .  A s l i g h t  f luc tu-  

a t i o n  i n  the  measurement e f f e c t s  t h e  f i n a l  r e s u l t  of t h e  six t h i r d  order  

e las t ic  cons t an t s  very  much. For example, on t h e  r i g h t  s i d e  of equat ion 

(36) a change from 1.45 t o  1.30 (which is  w i t h i n  t h e  l i m i t  of t h r e e  times 

the  s tandard  dev ia t ion  f o r  measurements under t h i s  compression) causes t h e  

r e s u l t i n g  C112 changing from 0.29 to-0.50 and the  r e s u l t i n g  C123 from -.413 

t o  +.014. Hence t h e  d a t a  obtained from t h e  [ l l c ) ]  compression were not used 

i n  t h e  eva lua t ion  of the  t h i r d  o rde r  elastic cons tan ts .  However, they can 

serve as a check t o  the  eva lua t ion  by another  method as w i l l  be descr ibed  

below. 

Since t h e  Cauchy r e l a t i o n  c 4 5 6  = c 1 4 4  is s a t i s f i e d  t o  w i t h i n  t h e  

probable  e r r o r  w e  s h a l l  assume t h e  v a l i d i t y  of t he  o t h e r  t w o  Cauchy relations 

C123 = c 4 5 6  and C 1 1 2  = c 1 6 6 ,  although t h i s  assumption is open t o  some ques- 

t i o n  because,  as Nran 'yanqas  shown, only t h e  r e l a t i o n  c 4 5 6  = c 1 4 4  



can br. expected t o  hold at a l l  temperatures even f o r  a c e n t r a l  fcrc- m o d e l .  

The o t h e r  t w o  e q u n l i t i e s  hold only a t  O°K. 

r e l a t i o n s  t o  estimate t h e  values  of C 1 1 1 ,  CI 1 3 ,  and C I 7 ?  at room temperature.  

From t h e  r e s u l t s  i n  Table I X ,  

liowever, we s h a l l  use these  

(For NaC1) (For KC1) 

-9.91 -7.44 (45) C l l l  + 2c112 

c l l l  - c123 = -9.10 -7.15 (46) 

3 

I f  w e  assume 

= .264 .123 (47) 

c112 = c 1 6 6  - -.611 -. 245 (48) 

1 
c123 = $c456 i- c 1 4 4 )  

- 

then  w e  can check the  consis tency of t hese  equat ions.  

The r e l a t i o n  r e l a t i n g  these fou r  equat ions  i s  

(45) - 2 x (48) = (46) + (47) (49) 

For N a C 1 ,  t h e  l e f t  s i d e  of (49) is -8.69 whi le  t h e  r i g h t  s i d e  is -8.84; for 

KC1,  the  l e f t  s i d e  is  -6.95 while t h e  r i g h t  s i d e  i s  -7.03. Hence the  i n t r o -  

duc t ion  of t he  o t h e r  two Cauchy relat- tons does not cause apprec iab le  incon- 

s i s t e n c y  among t h e s e  equat ions .  Using the  method of least squares ,  one can 

o b t a i n  the  es t imated  va lues  of C111,  C112 ,  and C123 from the  fou r  equat ions  

(45) t o  (48) .  The r e s u l t s  are shown p a r e n t h e t i c a l l y  in ?'able X. 

Using these  ext imated values,  one can check t h e  r e s u l t s  obtained from 

t h e  [110] compression i n  N a C 1 .  For V'  one ob ta ins  -1.00 f o r  t h e  l e f t  s i d e  

of equat ion  (35) whi le  t he  value on t h e  r i g h t  s i d e  obtained through t h e  

experiment is  -1.87. 

equat ion  (36) whi le  t h e  va lue  on t h e  r i g h t  s i d e  i s  1.45. 

va lue  f o r  V i t l  are r a t h e r  c lose ,  t h e  discrepancy i n  V '  33 
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For V i t l  , one ob ta ins  1.25 f o r  t he  l e f t  s i d e  of 

Although t h e  

is q u i t e  larKe. 
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This  i n d i c a t e s  t h a t  the i n t e r n a l  consis tency i n  the measurements under the  

[110] compression is poor. This may be caused by the  d i s l o c a t i o n  cont r ib-  

u t ion  t o  the  t h i r d  order  e l a s t i c  cons tan ts  and a l s o  t h e  s m a l l  range of 

s t r a i n  which reduced t h e  accuracy of t he  measurements. 

G. Comparison wi th  Theory 

While t h i s  experiment w a s  underway, A.A. Nran1yan1* publ ished va lues  

of t he  t h i r d  order  elastic constants  of N a C l  - type  a l k a l i  h a l i d e  c r y s t a l s .  

He used t h e  Born-Mayer m o d e l  i n  which t h e  p o t e n t i a l  energy between two 

p a r t i c l e s  w a s  represented by the  following expression:  

RmO -x e + B  e 

PV 

b 
lJv 

w 
RrnO 

t h  Where RmO is the  d i s t a n c e  between the  equi l ibr ium p o s i t i o n s  of t he  p 

p a r t i c l e  i n  the  mth ce l l  and the  vth p a r t i c l e  i n  t h e  Oth c e l l  i n  t h e  

lJv 

deformed l a t t i c e  

e is the  e l e c t r o n i c  charge 

b and B are two cons tan ts  desc r ib ing  the  repuls ion  and 
W 

+ when p = v 
- when l~ # v ' 5 ~ v  

The f i r s t  t e r m  r ep resen t s  t h e  con t r ibu t ion  from t h e  Coulomb i n t e r a c t i o n  

and the  second r ep resen t s  t h e  repuls ion of t h e i r  e l e c t r o n  s h e l l s .  

The t h e o r e t i c a l  va lues  of t he  t h i r d  o rde r  elastic cons t an t s  and t h e i r  

l inear  combinations a t  room temperature are l i s t e d  i n  Table X t oge the r  wi th  

the  p re sen t  exper imenta l ly  determined va lues .  
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TABLE X 

Comparison hetween Experimental and T h e o r e t i c a l  Values of C 

and T h e i r  Combinations a t  25OC (In Rrugger 's  d e f i n i t i o n  of 

' i jk  

i-i k 

2 and i n  units of 10l2 dynes/cm ) 

N a C l  KC 1 

E x p o  Th. Exy . Th. 

C l l l  (-8.80) -5.45 (-7.01) -5.07 

c112 (-. 571) -. 688 (-. 244) -.458 

c123 ( .284) .269 ( .133) .148 

C l l l  + 2c112 -9.91 -6.83 -7.44 -5.99 

c l l l  - c123 -9.10 -5.72 -7.15 -5.22 

c456 .271 .325 .118 .207 

c144 .257 .325 .127 .207 

c166 -. 611 -.63 -,245 -.40 

P a r e n t h e t i c a l  v a l u e s  are t h e  ones estimated by assuming t h e  Cauchy r e l a t i o n s .  

It is  seen  t h a t  t h e  s i g n  and t h e  o r d e r  of magnitude of t h e  t h e o r e t i c a l l y  

p r e d i c t e d  va lues  agree  w i t h  experiment although q u a n t i t a t i v e  agreement is 

lacking.  
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V I  CONCLUSIONS 

The r e l a t i o n s  between t h e  v e l o c i t i e s  of sound waves propagat ing 

a long  t h e  [ l i O ]  and [Ti21 d i r e c t i o n s  i n  a cubic  la t t ice  of high sym- 

metry under a u n i x i a l  compression appl ied  i n  [lll] d i r e c t i o n  were 

derived.  The v e l o c i t i e s  of u l t r a s o n i c  waves w e r e  measured a t  room 

temperature  as func t ions  of t he  s t r a i n  us ing  t h e  pulsed u l t r a s o n i c  

i n t e r f e r e n c e  technique. From the measurements under t h e  [lll] com- . 

pres s ion  and those  under h y d r o s t a t i c  p re s su re ,  the  va lues  of f i v e  

t h i r d  order  e l a s t i c  cons tan ts  of N a C l  and K C 1  at room temperature were 

obtained.  It is seen  t h a t  t h e  Cauchy r e l a t i o n  c456 = c144 is s a t i s f i e d  

t o  w i t h i n  the  probable  e r r o r  f o r  bo th  N a C l  and K C 1  s i n g l e  c r y s t a l s  a t  

toom temperature.  By assuming the v a l i d i t y  of t h e  o t h e r  two Cauchy 

r e l a t i o n s ,  one can estimate t h e  va lues  of C111, C112,  and C123. The 

t h e o r e t i c a l  va lues  pred ic ted  by A.A. Nran'yan w e r e  compared wi th  t h e  

experiment. 

some d i sc repanc ie s  e x i s t  between t h e  values .  

Although t h e  sign and o rde r  of magnitude agree q u i t e  w e l l ,  
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APPENDIX 

Adiabatic and Isothermal 

Second Order E l a s t i c  Constants 

For i n f i n i t e s i m a l  strains, it has been shown19 t h a t  t h e  d i f fe rences  

between t h e  ad iaba t i c  and isothermal e l a s t i c  constants  are: 

9 0 e a (C11 + 2C12) T 
2 2 

c11 - e11 = c12 - c12 = 

pcV 
e 

c:4 - c 4 4  = 0 

where a is  t h e  l i n e a r  thermal expansion c o e f f i c i e n t ,  T is t h e  absolute  

temperature and C is t h e  specific hea t  a t  constant volume. For N a C l  
V 

a t  T = 300°K, a = 38.3 x 

3 
/deg C, C 1 1  + 2C12 = .752 x 10 12 dynes/cm 2 

and p = 2.162 g/cm . 
C 1 1  = C11 = .0142 x 10 

With Cv = .811 J/g deg C ,  one obta ins  

a e 12 2 dynes/cm . From the  values  of Ca i n  Table 11, 
i j  

one obtains  C 1 1  e = .4792, C12 e = ,1151 (10 12  dynes/cm 2 ). 

For K C 1  a t  T = 300°K, a = 36.7 x 10-6/deg C, C11 + 2C12 = .549 x 10 12  dynes/cm 2 

3 and p = 1.986 g/cm . With Cv = .644 J/g deg C,  one obta ins  

C y 1  - C 1 1  8 = .0095 x loi2 dynes/cm 2 . From t h e  values  of C a i n  Table 11, 
i j  

e e 2 one obtains  C11 = .3981, C12 = .0610 dynes/cm ) 
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FIGURE CAPTION 

p V v s  s t r a i n  f o r  shear  wave i n  N a C l  under stress 

Curve (A) f o r  wave propagating i n  [T i21  and polar ized  i n  [lll]. 

Curve (B) f o r  wave propagating i n  [liO] and po la r i zed  i n  [ O O l ] .  

Circles measured during inc reas ing  stress; c rosses  measured 

dur ing  decreasing stress. 

[ l l l ] .  
0 

Fig.  1 

Fig.  2 poV vs s t r a i n  f o r  shear  wave i n  K C 1  under stress [ l l l ] .  

Curve (A) for wave propagating i n  [Ti21 and polar ized  i n  [lll]. 

Curve (B) for wave propagating i n  [ l i O ]  and polar ized  i n  [OOl]. 

C i r c l e s  measured during inc reas ing  stress; crosses measured 

during decreasing stress. 

p V vs strain f o r  shear  wave i n  K C 1  under stress 

propagat ing i n  [ 1101 and po la r i zed  i n  [ 1101. 

p l a s t i c  deformation. 

Run 12 up; x Run 12 down; o Run 13 up 

(B) Afte r  p l a s t i c  deformation. d Run 13 down 

(C) Af t e r  plastic deformation (with the p l a s t i c  strair. 

excluded and us ing  the  th ickness  a f t e r  t he  p l a s t i c  

deformation) A Run 13 down. 

[lll] 
0 

Fig. 3 

(A) Before 
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